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1. Suppose f is not uniformly continuous, then we can find a positive number
e and sequences (z,), (x},) in E so that

dx(xp, ) — 0,

and
dy (f(xn), f(x7,)) > €.

Note that the two conditions above can pass to subsequences. Since E is
compact, we may assume x,, — = € E, but then

dx(z),,r) <dx(z),1,) + dx(x,, 1) =0,

so we have x/, — z, and hence f(z]) — f(x). This is a contradiction
because

€ <dy(f(zn), f(27,)) < dy (f(zn), f(2)) + dy (f(2), f(a,)) = 0.

2. Note that f/(z) = nz"~!. For z € [0, ],
[fr (@) <né"t =0

as n — oo. In particular, |f/| is uniformly bounded, so f,, is equicontinu-
ous on [0, d].

On the other hand, taking z, = 2=/ < 1. We have z,, — 1 asn — 1
but |fp () — fu(1)] = %, so f, is not equicontinous on [0, 1].

3. We will show that the image is uniformly bounded and equicontinuous,
then we can apply the Ascoli’s theorem to conclude.
First of all, for f € C([0,1]) and = € [0, 1], we have
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and on the other hand, let € > 0. If we take §; = €/4, then for any z,z’ €
[0,1] with |z — 2’| < §1, we have | cos? z — cos? 2’| = 2| cos Esin €|z — 2| <
€/2 (Mean value theorem). And hence

ITf(x) - Tf(2') < g + / %dt‘
€ /
< gtz
< €.

So T'(C([0,1])) is equicontinuous.

. Note that K is bounded by some constant M > 0, g is bounded by some
constant M’ > 0 and both of them are uniformly continuous by question
1.

(a) Let € > 0, we choose § > 0 so that |A\M( — a)d < e. Then for
[lf = f'|l <6, we have

b
A / K t)(f(t) — f/(t))dt

b
)\/ Modt

< €.

ITof(x) —Thf'(z)| =

<

(b) Let’s assume |f(z)| < L for any f € C. We need to show T5(C) is
bounded and equicontinuous. Boundedness follows from the defini-
tion of T)y:

ITAfI] < [AIML(b — a) + M.

To show equicontinuity, let € > 0, we can choose J; > 0 so that
lg(x) — g(2")] < €/2 whenever |z — z'| < d§;. Choose ¢ > 0 so
that |A|(b — a)Le’ < €/2, we can also find d; > 0 so that |K(x,t) —
K(z',t")] < € whenever ||(x — 2',t — t')]] < d2. Now, take § =
min{di,d2}, if | — 2’| < § and f € C, then

b
[TAf(z) = Taf(2")] < A/ (K(z,t) — K(a', ) f(t)dt +§

< Db -a)Le + 5

< €.



